NOTES ON THE VAPNIK-CHERVONENKIS THEOREM:
BACKGROUND AND PROOF

ROLAND WALKER

1. INTRODUCTION

Vladimir Vapnik and Alexey Chervonenkis proved their eponymous theorem in
1968. The original Russian proof was published in 1971 and then translated to
English by B. Seckler later that year. The English translation was most recently
reprinted in 2015 [4].

These notes, which provide a relatively self-contained proof of the VC Theorem,
assume the reader has some comfort with the basics of real analysis (e.g., Chapters
1 and 2 of [2]) but little or no background in probability theory. In addition to the
original paper, we used Chapter 6 and Appendix B of [3] as a reference for the proof
of the VC theorem and Appendix A of [1] as a reference for the proof of Chernoff’s
theorem.

2. PRODUCTS OF 0-ALGEBRAS

Let I be a nonempty set, and let (X;, A;);cr be a family of measurable spaces
(i.e., each X; is a nonempty set and each A4; is a o-algebra on X;).

Definition 2.1. The product ),.;.A; is the o-algebra on [],.; X; given by

iel
®Al =0 ({71';1(141) 1 e, A; € Al}) .
il
Moreover, if I ={0,...,n — 1} for some n > 2, we often write Ay ® --- ® A, for
er Ai just as we often write Xo x - -+ x X,y for [],o; Xi.

Lemma 2.2. If I is countable, then
i€l el
Proof. A o-algebra is closed under taking countable intersections. O
Lemma 2.3. If (&;)ier is such that each A; = o(&;), then
®.Ai =0 ({W;l(El) iel, E; e 51}) .
icl
If, in addition, I is countable, then

QR Ai=o0 ({HEE e&}) .

icl el
1
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Lemma 2.4. If I = JU K, with both J and K nonempty, then

QR Ai =R A ®<®Ak>. (2.1)

iel jeJ keK
Proof. By Lemma 2.3, the right-hand side of (2.1) is the o-algebra generated by
sets of the form W;l(Aj)ﬂWI;l(Ak) whereje J, ke K, A; € Aj,and A, € A,. O

Corollary 2.5. The operator ® is associative.

3. PrRoDUCT MEASURES

Let n > 2, and let (X, A;, pt;)i<n be a family of measure spaces; i.e., each
wi + A; — [0, 00] is a measure (see [2, p. 24]) on the measurable space (X;,.4;). Let
R denote the collection of rectangular sets in Ag ® -+ ® A, _1; i.e.,

R:{Ao X e XAnfliAiE.Ai}.
It follows that R is an elementary family (see [2, p. 23]), so the set

F = |_|Rj:1§m<w, R;eR

j<m
consisting of all finite disjoint unions of rectangles is an algebra [2, Proposition 1.7].
Let p: R — [0, 00] be defined by

Ag x - x Ap_1 = pio(Ag) - pn—1(Ap_1).

Claim 3.1. Suppose (S;j)j<w € R is a family of pairwise disjoint rectangles and
R=1l,.,S; If RER, then p(R) =3_,_,, p(S;).

Proof. Suppose R = Ag x ---x A,_; and each S; = Bg X - X BZL_I with each A;
and BZJ in A;. Since

Lag(xo) - --1a,_ (Tn-1) = Lagx-xan_, (To, ..., Tn_1)
—ZlB_‘I xBI_ (205, Tn—1)
j<w
=ty gy (o)
J<w

for all (zg,...,zn—1) € Xo X -+ X X,,_1, [2, Theorem 2.15] asserts that
to(Ao) -+ pn—1(An—1)
= / e / 1A0 (l‘o) t 1An,—1 (xn—l) dﬂO(xO) T d,un—l(xn—l)
Xn-1 v Xo
= Z/ / B] xO B-7 (xn,l) dﬂo(ﬁo) : "d,ufnfl(xnfl)
Xn—1 Xo -

I<w

=Y uo(BY) - pm—1(BI_y).

Jj<w
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Let v : F — [0, 00| be defined by

v L Ri| =2 nRy)

j<m j<m
In order to show that v is well-defined, suppose that |_]J<m Rjand| |, ,, Sk describe

the same set in F. For each j < m, suppose R; = A} x --- x AJ _; and S =
BE x -+ x BF_, with each A7 and BY in A;. By Claim 3.1, we have

(U ) = 5 () (22)

Jj<m
3 o (A5 BE) s (4001

Jik<m

> o (Bg) -+ pin (Byy)

k<m

=v <k|<_|m Sk> .

Next, we show that v is a premeasure on F (see [2, p.30]). Let | |,_,, R; € F, and

let (|_|k<m[ Si)kw C F be pairwise disjoint. Suppose |_|j<m R; = |_|Z<w (|_|k<m[ S’,ﬁ).
By Claim 3.1, it follows that

v L Ri| = p(Ry)

j<m j<m

=22 > r(R;NS))

j<mil<w k<myg

SY Y S omnsh

I<wk<myg j<m

=2 > r(s)

I<w k<myg

:Zy<|_| S,ﬁ).

I<w k<mg

Let v* be the outer measure associated with v; i.e.,
v P(Xo X o X Xpq) = [0, 00]

where
vi(A)=inf{ > w(Fy):F e F, AC | F
J<w J<w
Definition 3.2. The product measure g X -+ X t,—1 is the restriction of v* to

Ay ® @ Ap_q.

By [2, Proposition 1.13], this product is indeed a measure which extends p. If, in
addition, each p; is o-finite, then [2, Proposition 1.14] implies that the product is
the unique measure extending p to Ag ® -+ ® A, _1.
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Lemma 3.3. If each p; is o-finite, then the product pg X - -+ X phn—1 s associative.

Proof. Suppose I U J = {0,...,n — 1} where both I and J are nonempty. Let
pr = Ilier i and prg = [];c 5 py- 1t follows that (ur x pg)lr= p. O

4. PUSHFORWARDS

Suppose (X,.A) and (Y, B) are measurable spaces and f : X — Y is an (A, B)-
measurable function.

Definition 4.1. If y: A — [0, 0] is a measure, then we call po f=1: B — [0, o0]
its pushforward by f.

Claim 4.2. The pushforward o f~1 is a measure.

Proof. Notice that o f~1(2) = pu(@) = 0. Suppose (B; : i < w) C B is pairwise
disjoint. It follows that (f~1(B;) : i <w) C A is also pairwise disjoint, so

pof (UBz) =p (Uffl(Bi)) = leoffl(Bi)

5. PROBABILITY SPACES
Definition 5.1. A probability space is a measure space (2, A, P) with P(Q) = 1.

Definition 5.2. If (Q, A, P) is a probability space, then the P-measurable sets
(i.e., the elements of A) are called events.

6. RANDOM ELEMENTS AND VARIABLES
Let (2,.A, P) be a probability space.

Definition 6.1. A random element of a measurable space (¥,B) is an (A, B)-
measurable function X : @ — ¥. Furthermore, if ¥ = R and B = B(R), then we
call X a random variable.

When describing events using preimages of random elements, we often use
[X € B] for {w € Q: X(w) € B},
[X >r] for {iweQ: X(w)>r},
etc.
This abbreviation practice is common in the literature of probability theory. As an

aid to the reader, we set off such abbreviations with square brackets rather than
braces.

Definition 6.2. We say that a collection of random elements Xg,..., X,,_1 of
measurable spaces (Ug,By), ..., (V,—1,B,-1), respectively, are mutually indepen-
dent iff: for all (Bg,...,Bn—-1) € By X -+ X B,,_1, we have

P[XO € By, ... ,Xn,1 € anl] = P[XO S Bo] B 'P[Xn,1 c Bn,ﬂ.

Definition 6.3. If X is a random element of (¥, B), then the probability distribution
of X is the pushforward Po X! : B — [0,1].
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Lemma 6.4. A collection of random elements Xg, ..., X,_1 of measurable spaces
(Vo,B0), -+ (Wn—1,Bn-1), respectively, is mutually independent if and only if the
probability distribution of the random element X of

(Wox - xW,_1, By®---®@B,_1)

given by -
X(w) = Xolw),..., Xpn-1(w))

is the product pio X - -+ X fi,—1 where each p; = POX;1 is the probability distribution
Of Xi-

Proof. Let (By,...,Bn-1) € By ® -+ ® B,,_1. Since
X YByx-xBp1)=Xs Bo)n---NnX, [ (B,1) €A

and since preimages preserve complements and arbitrary unions, it follows that X
is (A, By ® --- ® B,,_1)-measurable.
(=) Notice that

POXﬁl(BO X oo X Bn—l) = P[X() S BO,---,Xn—l € Bn—l]
= P[XO € Bo] e 'P[Xn,1 S Bn,ﬂ
= po(Bo) -+ - pn—1(Bn-1)-

Since each p; is finite, the product pg X -+ X pp—1 is the unique measure on
By ® -+ ® B,_1 with this property for all rectangles.
(<) Notice that

P[Xo € Bo,...,Xp1 € Bpa] = PoX By x - x Bu_1)
= pto X+ X fin_1(Bo X +++ X Bn_1)
= po(Bo) -+ fin—1(Bn-1)
= Plxg € By| -+ Plzp—1 € Bn_1].

Definition 6.5. If X is a random variable, its expected value is given by
E(X)= / X dP
Q

provided the integral is well-defined (i.e., either [, X* dP or [, X~ dP is finite).

For the remainder, we tacitly assume all random variables have well-
defined expectations.

Definition 6.6. Given a random variable X : Q — [0, 0c), for each n < w, let ¢:X
denote the simple function
i
Z Elel(Bi),

i<n?

5= [L ).
n n

Lemma 6.7. If X and Y are mutually independent random variables, then for all
m,n < w, we have

where each

E(émon) = B (ém) B (on) -
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Proof. The result follows since for all 7, s € R and all A, B € B(R), we have
E (rlx-i(a) - sly-ip)) = rsE (Lx-1a)ny-1(5))
=rsP (X' (A)NnY (B))
=rP (X '(A)) sP(Y'(B))
=E (rlx-1(a))  E (sly-1()) -
O

Lemma 6.8. If Xy,...,X,_1 are mutually independent random variables, then
E(Xy - X1)=E(Xo) - E(Xn-1).

Proof. We proceed by induction on n. Suppose the lemma holds for n > 1. Given
mutually independent random variables Xg,...,X,_1,Y, let X = Xo---X,,_1.
Lemma 6.4 implies that X and Y are mutually independent.

Suppose that X and Y are non-negative. The Monotone Convergence Theorem
[2, Theorem 2.14] asserts that

E(¢) = BE(X), E(¢])—=EY), and E (¢ ¢)) — E(XY),

so by Lemma 6.7, we have E(XY) = E(X)E(Y).
The general case follows since

E(XY)=EBE(X"-X")¥Y"-Y"))
=BEX'YY)-EX'Y )-EX YN+ EXY)
=EXNEY " -EXNEY " )-EX )EY")+EX )EXY")
= (B(X") - BEX"))(EYT)-EBY"))
= B(X)E(Y).

Definition 6.9. If X is a random variable, its variance is given by
V(X) = E((X - E(X))*).
Lemma 6.10. If Xy,...,X,_1 are mutually independent random variables, then
V(Xo+ -+ Xut) = V(Xo) + -+ V(Xpo):

Proof. We proceed by induction on n. Suppose the lemma holds for n > 1. Given
mutually independent random variables Xg,...,X,,_1,Y, let X = Xo---X,,_1.
Lemma 6.4 implies that X and Y are mutually independent, so we have

VIX+Y)=E((X+Y - E(X +Y))?)

=E(X*+2XY+Y?-2(X+Y)E(X+Y)+ E(X+Y)?)

= BE(X?+2XY +Y? - 2XE(X) - 2XE(Y) - 2Y E(X)
—2YE(Y) + E(X)?+2E(X)E(Y) + E(Y)?)

=E(X?-2XE(X)+E(X))+E(Y?-2YE(Y)+ E(Y)?)
+2E(XY — XE(Y) - YE(X)+ E(X)E(Y))

=V(X)+ V() +2EX)EY) - EX)E(Y)—-E(Y)E(X)
+ E(X)E(Y))

=V(X)+V(Y).
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7. AVERAGE MEASURES

Definition 7.1. Given a measurable space (X, A) and bg,...,b,—1 € X, let Avy
denote the average measure given by

1
Avg(4) = — > 1 (4)
i<n
for all A € A.
8. CHERNOFF’S BOUND
Let (2, A, P) be a probability space, and let X :  — RZY be a random variable.
Lemma 8.1. Givenr >0 and s >0, if P[X > 1] > s, then E(X) > rs.

Proof. Since
(X >0 = JX>r+4],
6>0
there are d,& > 0 such that P[X > r+d] > ¢, so

E(X)>rP[X >r]+0P[X >r+0] > rs+ de.

O
Lemma 8.2. (Markov’s Inequality) For r > 0, we have
1
P[X >rE(X)] < o

Proof. Assume that P[X > rE(X)] > 1/r for some r > 0. The previous lemma
implies that E(X) > rE(X)-1/r = E(X), a contradiction. O

Lemma 8.3. Ifz > 0, then coshz < e®’/2,

Proof. Let

f(x) =cosha = ¢ 267@
It follows that

f/(xr) =sinhz = . ;eim

Furthermore, we have

o coshz if k even,
) =
sinhx  if k£ odd,

so Taylor’s theorem asserts that

<k © k(1
_ ) 0) — " |3 if k even,
f(@) ;k!f 0) Zk! 0 ifkodd
=0 k=0
since for all y € (0, x), the remainder vanishes, i.e.,
z" ak
Ry(k) = 27 f P () < 7 fP (@) = 0.
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Let g(z) = e /2. By induction, ¢ (2) = pi(2)g(x) for some
pr() = ap, ™ + -+ ag
with nonnegative integer coefficients such that

e ag > 0if k is even,
e a1 > 0if k is odd, and
e q; =0if i £k (mod 2).

It follows that
1 if k even
*) (o) > ’
g (){o if & odd.
For all n > 1, Taylor’s Theorem asserts that

3
|

1 Ik
ox) = 3 L1 0) + By o)
g

~
Il

with remainder
n

€z n
Ryln) = 10 (g)
for some y € (0,z). Since each remainder is positive, we have shown that f(z) <
g(x) for all x > 0. O

Theorem 8.4. (Chernoff’s Bound) Given € > 0, if 0,,...,0,—1 are mutually
independent random variables, each with probability distribution Av_; 1, then

2
Zoi >£~;| < e €/,

i<n

P

Proof. By Lemma 8.3, we have

e e ?
2

for each i < n, and since expectations multiply (Lemma 6.8), it follows that

E (e‘s‘”) = = cosh(d) < /2

E(6500+...+60n,1) < 6“62/2.

Now we can apply Markov’s inequality (Lemma 8.2) to obtain

ZO’Z'>E

i<n

B (6500+...+agn,1) end®/2

P <

— P [6600+»--+6Un,1 > 668] <

ede ede

This bound becomes minimal when § = ¢/n.

9. THE WEAK LAW OF LARGE NUMBERS
Let (©2,.A, P) be a probability space.

Lemma 9.1 (Chevyshev’s Inequality). Given € > 0, if X is a random variable,
then

V(X)
g2’
Proof. See [3, Proposition B.3]. O

P(X - E(X)[>¢) <
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Proposition 9.2 (The Weak Law of Large Numbers). Givene > 0, if A € A, then
for all n > 1, we have

P" ({be Q" : |Avy(A) — P(A)| > }) <
Proof. See [3, Proposition B.4]. O

10. THE VAPNIK—CHERVONENKIS THEOREM

Let X be a nonempty set, A C P(X) a o-algebra, and u : A — [0, 1] a proba-
bility measure. Fix n < w, and let xg,...,2,—1 be mutually independent random
elements of (X, .A4) each with probability distribution pu.

Theorem 10.1 (The Vapnik—Chervonenkis Theorem). Ife > 0 and S is a nonempty
countable collection of subsets from A, then

u" 21612 |[Avz (S) — u(S)| > 5} < 8773(71)6‘"62/32. (10.1)
Proof. For each S € S, the function
7 Ava(S) — u(S) = = S Ts(r) — w(S)
i<n
is measurable since S € A. Furthermore, since S is countable, the function

T — sup [Avz(S) — p(S)]
ses

is also measurable [2, Proposition 2.7], so the inequality (10.1) is well-defined.

Let yo, - . ., Yn—1 be random elements of (X, .4) each with probability distribution
u, and let og,...,0,-1 be random variables each with probability distribution v =
Av_1 1. Suppose all the random elements and variables named above are mutually
independent.

For an explicit construction, consider the set Q = X?" x {—1,1}". Let each z;
be m; : Q@ — X, each y; be m,1; : Q@ — X, and each og; be mo,4,; : 2 — R. Let

F=Q) AR P({-1,1})
i<2n i<n
and P : F — [0, 1] be the probability measure determined by

P(HA,;xHBi> HN(Ai)'H@

i<2n <n 1<2n i<n

for rectangular sets where each A; € A and each B; C {—1,1}. This yields a prob-
ability space (2, F, P) where all the previously named random variables/elements
are mutually independent and possess the desired distributions.

Foreachi <mnand S € S, let
fi(S) = 1s(z;) — 1s(ys)
and
gi(S) = oi - fi(S).
Notice that

Plfi(S) =1] = Plz; € S, yi ¢ S] = u(S) - (1 — p(5))
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and
Plgi(S)=1]=Plo; =1, z; €S, y; ¢ S|+ Ploi = =1, x; ¢ S, yi € 5]
= 3 u(S) - (1= p(8)) + 5 - (1 = u(S) - u(S)
= () (1~ u(S)).
Similarly, we have

P[fi(5) = =1] = Plgi(S) = —=1] = u(S) - (1 = pu(5))

—_

and
P[fi(S) = 0] = Plg;(S) = 0] =1 —2u(5) - (1 — p(5)).

Notice that for fixed S € S, if we let each h; be either f; or g;, then the variables
ho(S), ..., hy—1(S) are mutually independent. However, it is not true in general
that f;(S) and ¢;(S) are mutually independent since both depend on z; and y;.
Explicitly, we have

P[fl(S) =1, gz(S) = 1] = P[O‘i =1, x; € S, Yi ¢ S]
= Ju() - (1~ u($))
and

P[f;(S) =1] - Plgi(S) = 1] = u(5)* - (1 — u(S))*,
so f;(S) and g;(S) are mutually independent if and only if 4(S) =0 or 1.

Consider the map F': 0 — Q defined by

F(aOa"'7an71;b03"'7bn717607"',en71)

= (007"'7Cn71?d07"'7dn717607"-7677,71)

(cird;) = (ai.bs) - ei =1
(bi,ai) €;, = —1.

where each

Notice that F' is its own inverse and, therefore, a bijection. Given a rectangular set

R:HAiXHBiXHEie]:a

i<n i<n i<n
we have
P(R) = Z P /\fCiEAm/\yiEBi,/\Ui:ei]
ec Egx--xFE,_1 i<n <n i<n

> P

ec Egx--xFE,_1

/\(eizl—>$i€Ai/\y¢€Bi),

<n

/\(ei:—1—>xi€Bi/\yi€Ai), /\Jizei‘|

i<n i<n
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Since P is a product measure, which is the restriction of an outer measure (see
Definition 3.2), it follows that F' is measure preserving. Furthermore, since an
elementary event (a, b, €) is contained in

su E i 10.2
Lep n f ] ( )
if and only if F(EL7 l_), é) is contained in
su E s 10.3
[Seg n gz ] ( )

events (10.2) and (10.3) have the same probability.

Let D = [supges |Avz(S) — Avy(S)| > €/2]. We can use the result of the previous
paragraph to conclude that

sl
DWIE ]
an 1s(z;)

P (D) =P |sup

ses

sup
ses

gp(

<2P

sup
SeS

sup
Ses

ZO—’L ]-S xz
n

<n

where we obtain (10.4) since

Zaz 15 .’1?1 - 15 yz

SHICREEED SRR

1<7L l<n Z<n
<o tsle)| Yo 15 |
i<n i<n

and we obtain (10.5) by subadditivity.
Let

For each a € X™, there is a subset Sz C S of size at most ms(n) such that
suph(S) > S, z=a| = U [h(5)>f :z:a} = [h(S)> - f:a}
b 47 47 )

4
Ses Ses SeS;

and for each S € Sz, Chernoff’s Bound (Theorem 8.4) asserts that

7 {h(S) > Z, z= EL] < 2e7nE/32,
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It follows that

,T=a

v [sup h(S) > Z 7= a} < ms(n) - v" |W(S) >

=1 m

< 27r5(n)e_”82/32.

Let C = [supgegs h(S) > €/4]. Continuing from (10.5), we have
P(D) <2P(C)

:2/1ch
Q
:2/ // \o do djdz
n n {11}7:
2
<2/ / oms(n)e " /32 djjdz

_4775( n)e "¢ /32

For every a € X", let

B; = {1_7 € X" : sup |Avg(S) — Avy(9)| > E}.
Ses 2

Let
A= {&EX":M"(BQ)Z;}.

Looking ahead to (10.6), we see that the function z — u"(Bz) is measurable by
Tonelli [2, Theorem 2.37], so A is p™-measurable. We now have

P(D):/QlD P

~[ [ [ ivdodgas
n n { 11}71
// 1p dydzx

= / "(B) di (10.6)
A
> %u"(A),
1"(A) < 2P(D) = 8ms(n)e " /32, (10.7)

Notice that the right-hand side of (10.7) is the same as the right-hand side of (10.1),
so our proof will be complete if we can show

{a € X" :sup |Ava (S) — n(S)] > 5} C A
Ses

Given a € A°, it follows that p"(BS) > 1/2. Let S € S and

B= {B € X" |Avy(S) — n(S)| > %}
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The Weak Law of Large Numbers (Proposition 9.2) implies that

1
"(B) < —.
p(B) <
Our theorem is vacuously true if the right-hand side of (10.1) is at least 1, so we
may assume n > 2/2. It follows that B¢ N BE is nonempty. Furthermore, for any

b € B°N BE, we have
[Ava(S) — Avy ()| + [Avy(S) — u(S)| <,

so we conclude that
[Ava(S) — ()| < e.
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